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This article presents the study of Fourier series experimentally, using the
ExpEYES—17 kit in a different way. This familiar undergraduate experiment
has been performed for teaching online laboratory classes when face-to-face
classes were not possible, due to the COVID — 19 pandemic. We chose
parabolic and sawtooth waveforms, which are not generally considered for
this experiment. The amplitudes A, of different harmonics were measured to
compare with the theoretical predictions and the ratios A,,/A; were found to

agree well.
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1. Introduction

The Fourier series and Fourier transform, which
are the central theme of Fourier analysis, are
extensively applied to almost all the branches
of science and engineering and have become an
important tool for scientists and engineers [1-3].
The Fourier series is an infinite series which rep-
resents periodic functions. On the other hand, the
Fourier transform is applied to non-periodic func-
tions. The name of the series was coined after the
name of the French mathematician Jean-Baptiste
Joseph Fourier.

In 1807, J B J Fourier published a research
paper [1-3] on heat conduction in metals where,
for the first time, he showed that the solution
of the heat equation can be represented by a
sine series for any arbitrary and complicated
heat source. Later, in 1822 he published a book

1361-6552/22/035008+10$33.00

Analytical theory of heat, where it was shown that
any arbitrary function which is periodic, single
valued, continuous or piece-wise continuous, hav-
ing a finite number of maxima and minima can
be presented as a series of linear combinations of
sines and cosines [4, 5].

Although the original motivation of J B J
Fourier was to solve a certain type of partial dif-
ferential equation such as heat equations, later
the technique was applied to solve various prob-
lems in science and technology, such as disper-
sion, dissipation, diffusion, reaction and convec-
tion etc. [6] It is also used to solve the non-linear
partial-differential equations that arise in vari-
ous physical, chemical and biological processes
[6]. The solution of such non-linear differential
equations provide more information to understand
these processes.

© 2022 IOP Publishing Ltd
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As well as this, the Fourier series and Four-
ier transform have wide applications in acous-
tics, electrical signal processing, communica-
tions, astronomy, image processing and many
other fields of science and technology [6, 7].
Today, the Fourier transform has become an indis-
pensable technique for image processing, which
includes image analysis, image filtering, image
reconstruction, image compression, etc. The raw
image is decomposed into sine and cosine com-
ponents and then it is manipulated to construct the
desired image [8, 9]. Another important applica-
tion is in the field of signal processing. Any kind
of signal converted into an electrical signal can be
analysed to extract the desired information and to
eliminate the noise which appears as the higher
harmonics in the Fourier series [8, 9].

The experimental study of the Fourier series
is important for understanding the theory. At
the undergraduate level, common waveforms like
square and triangular waveforms are chosen to
observe the harmonics of the Fourier series.
Sometimes sawtooth or half and full rectified
waveforms are used. But uncommon waveforms,
like parabolic or other waveforms, are not chosen
for the study of the Fourier series in the under-
graduate laboratory, due to the limitations of
ordinary signal generators in generating such
waveforms.

The main objective of this article is to dis-
cuss how two uncommon waveforms, parabolic
and sawtooth waveforms, can be generated using
the ExpEYES—17 kit [10, 11] and used to observe
the harmonics of the Fourier series. The idea
for this experiment came about during the lock-
down period of the COVID — 19 pandemic, for
demonstration in online laboratory classes. The
ExpEYES—17 kit was the main apparatus for
this experiment. We had generated these wave-
forms using their corresponding functions in the
python program which runs the device. Another
aim is to show how such experiments can be per-
formed outside the physics laboratory when teach-
ing laboratory classes. The importance of this
article is that it reports a familiar undergradu-
ate experiment using a different approach which
may be interesting and attractive for the teaching-
learning process.
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2. The theory

If a function f(¢) satisfies Dirichlet’s conditions
[12-14]:

(a) the function f(#) must be periodic and single
valued,

(b) the function f(#) may have finite number of
finite discontinuities over one period and

(c) the function f(¢) must have finite number of
maxima and minima,

then the function f(f) can be expressed as a linear
combination of sines and cosines [12—14] as an
infinite series, i.e.

ao

> + Z (aycos(nwt) + bysin(nwt)) ,

n=1
ey

f(0)

where, n =1,2,3,--- positive integers, the angu-
lar frequency w (= 27f) is called the fundamental
angular frequency. It is related to the time period
T = 27 /w. The function f() is periodic, i.e. f(t+
T) =f(¢). The series in equation (1) is known
as the Fourier series. The coefficients a, and b,
depend on the function and they are evaluated
using the integrals:

2 T
ap = ?/0 fo)dt, (2a)
2 T
a, = f/ S(t)cos(nwt)dt, (2b)
T Jo
2 T
b, =~ / Sf()sin(nwt)dr, (2¢)
T Jo

where n > 1. The parabolic and sawtooth func-
tions are presented respectively:

v(t)=Vp ?71 0<t<T (3a)
2t
v(t):Vo(T—1> 0<t<T (3b)
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Figure 1. Parabolic waveform (left) and sawtooth waveform (right).

In figure 1, the parabolic and sawtooth wave-
forms are shown. The calculation of the coeffi-
cients ay, a, and b, are given in appendix A. The
Fourier series of the parabolic waveform can be
written as

Vo 4V

v =3+ 3 700552“”). “)

772 n=1,2,3,---

The series contains both even and odd har-
monics and the amplitude of the nth harmonic A,
is inversely proportional to the square of the order
numbern, i.e. A, < 1/ n2. For sawtooth waveform,
the series reduces to

)

W) = Y W) )

n=l, 2, 3,

Like the previous one, the series also contains
both even and odd harmonics and the amplitude
A, « 1/n. Note that the series in equation (4) con-
tains a constant term Vp/3, which represents the
direct part of the signal which can be blocked by
a capacitor. This capacitor allows only the altern-
ating part . i.e. the sine or cosine part.

The non-sinusoidal signals, such as square,
triangular, parabolic or sawtooth, are applied to
a parallel LC circuit. The parallel LC circuit is
connected in series to a resistance R, shown in
figure 2 (left). According to the theory of the Four-
ier series, a non-sinusoidal signal contains all pos-
sible harmonics. The resistance R is chosen such
that, at resonance, it becomes much larger than the
dynamic resistance of the LC circuit, so that other
frequency components, except the resonance f,
are dropped in R [15-17]. Only the component
with frequency f(, appears across the parallel LC
circuit.

May 2022

The quality factor Q plays an important role
in the LC circuit, because it is a measure of the
degree of selectivity of the frequency component
in the input signal. If the resistance R is raised
to be much larger than the internal resistance ry,
of the inductor, then the Q-factor of the parallel
LC circuit is determined by the Q-factor of the
inductor coil, i.e. Q =woL/r. [17]. The higher
the Q value, the narrower will be the bandwidth
Aw=wy/Q. A circuit with narrow bandwidth
rejects more frequency components that are close
to the resonance frequency [15, 16]. That means
we can minimize the contribution of other har-
monics of the Fourier series.

3. The experiment
3.1 Apparatus and components

The main apparatus of this experiment is the
ExpEYES—17 kit, which is a computer-interfaced
multifunctional kit, developed for students and
teachers of science. The design of the hardware
and the required software are freely available at
the website [18]. No additional power source is
required to run the device, it runs using the power
of a laptop or computer through a USB cable. The
kit allows us to use it as a low-frequency function
generator, as well as a four channel oscilloscope to
visualize various analog signals [19, 20]. The ana-
log signals can be visualized on the screen of the
graphical user interface (GUI). The important fea-
ture is that the kit is programmable using python
[21] and one may write a program [22, 23] for an
experiment to record data automatically.

Apart from the ExpEYES—17 kit and laptop
or computer, we need an inductor L, a capa-
citor C and a resistance R. The capacitor C and
inductor L are connected in parallel and this

Phys. Educ. 57 (2022) 035008
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Figure 2. The left figure shows the schematic diagram of the parallel LC circuit and its connection to the
ExpEYES—17 kit. The right figure displays the actual experimental setup.

parallel combination is then connected in series
with the resistance. The parallel LC circuit is
called a band stop or rejecter circuit, because at
resonance, the impedance of the circuit becomes
maximum. As a result it allows the other fre-
quency components of the signal to pass through it
but not the resonant component [15, 16]. The res-
onance frequency fo of the parallel LC circuit is

wo 1 1 Vi

h=9 =2 Ve 2 ©

The schematic circuit diagram for the experiment
is shown in figure 2 (left). The input and output
connections of the circuit to the terminals of the
ExpEYES—17 kit are shown in figure 2 (right). Itis
important to note that, for parabolic and sawtooth
waveforms, the connection should be made with
terminal WG.

The inductor which we used to construct
the parallel LC circuit has an internal resistance
r. =14 Q and an inductance L=48.7mH. We
used a series resistance R = 100.7k(2 and capacit-
ance C =0.033 pF. The resonance frequency is
fo =~ 3970Hz.

3.2. Procedure

We used the ExpEYES—17 kit for generating
the waveform and for automatic data acquisition.

May 2022

For this experiment we wrote two python pro-
grams: the first one for running the experiment
and recording the experimental data; the second
program for determining the amplitude of the
harmonics and plotting the experimental data. In
the first program we defined the parabolic and
sawtooth functions to generate the waveforms.
The steps of these programs have been discussed
briefly in appendix C.

When the frequency of any of the harmon-
ics in the Fourier series matches with the reson-
ance frequency of the parallel LC circuit, that par-
ticular harmonic will be observed across the par-
allel LC circuit and its amplitude can be meas-
ured. Since the resonance frequency f is fixed by
the circuit parameters, only one harmonic in the
Fourier series will be observed. To observe other
harmonics one may use other combinations of L
and C or use variable capacitors to tune the res-
onance frequency with that of other harmonics.
Though the other harmonics can be observed in
this way, the ratios of the measured amplitudes,
i.e. A,/A;, become circuit parameters dependent
(see appendix B). Thus the ratios of amplitudes of
different harmonics cannot be compared directly
to verify the theory. Because of this and the dif-
ficulty of availability of various combinations of
L and C or variable capacitors, this method is not
generally used for this experiment.

To overcome this difficulty, the fundamental
frequency f of the signal is reduced, keeping

Phys. Educ. 57 (2022) 035008
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Figure 3. The top left panel shows parabolic waveform and 1st, 2nd and 3rd harmonics are shown respectively.

the circuit parameters unchanged [17]. When
the fundamental frequency f is equal to f;", the
frequencies of the 1st, 2nd, ---, (n— 1)th, nth,
(n+ 1)th, - -- harmonics in the Fourier series will
be 16, 2.0 . (1), n o (ny1). B, ...,
Thus the frequency of the nth harmonic is equal to
0

lel LC circuit. Thus, for this nth harmonic the LC
circuit offers very large impedance and very small
impedance for all other harmonics. As a result, all
other harmonics will be dropped by the resistance
R except the nth harmonic and this harmonic will
be observed. In this case, the ratios of amplitudes
A, /A, are independent of the circuit parameters
(see appendix B) and can be compared directly to
verify the theory. Thus it is the best way to study
the harmonics in the Fourier series in an under-
graduate laboratory.

the resonance frequency (nf = fo) of the paral-
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We had captured 2500 samples at the input
terminals of the device, both for the input wave-
form and the harmonics. However, the sample rate
was not fixed — for input (2-16us) and output
(2-6us). For lower order harmonics (i.e. high fre-
quency) we set a high sampling rate and a low
sampling rate for higher order harmonics (i.e. low
frequency).

4. Result and discussion

In this section we present the experimental results.
In figure 3 we show the parabolic waveform (top
left corner) generated by defining its correspond-
ing function in the program. For illustration, we
also present the first three (1st, 2nd and 3rd) har-
monics of its Fourier series. Similarly, the gener-
ated sawtooth waveform (top left corner) and the

Phys. Educ. 57 (2022) 035008
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Figure 4. Sawtooth waveform (top left) and 1st, 2nd and 3rd harmonics displayed for illustration.

first three harmonics (1st, 2nd and 3rd) are dis-
played in figure 4.

The screenshot of the output for the ratio
of A,/A; of different harmonics are shown in
figure 5. The left image shows the output (i.e.
A, /Ay) of the parabolic waveform and the right
image for the sawtooth waveform. In each image,
the right most column presents the experimental
values and theoretical predictions in the middle
column. The left most column denotes the order
number of the harmonics in the series. It is evident
from this result that the experimental data agree
with the theoretical prediction. In figure 6, the
bar plots show the ratio A, /A; of theoretical and
experimental values.

We observed slight distortion at the negat-
ive peaks of the generated sawtooth waveform.
This is probably due to the device. Also, the con-
secutive peaks of a particular harmonic (except

May 2022

fundamental) are not equal, as seen in figures 3
and 4 and this increases with the increase in the
order of harmonics. These phenomena are also
observed for other waveforms like square, trian-
gular etc. This happens because the parallel LC
circuit could not completely reject the other fre-
quencies close to the resonance frequency. This
means that other components contributed partially
to the amplitude of the resonance component. As
a result the peaks were not equal. This effect can
be minimized by narrowing the bandwidth of the
LC circuit but cannot be removed completely.

Note that, if we substitute =7 in
equation (3b) and w t = w T = 2 in equation (4),
the Fourier series becomes

B 4V,
Y=gt

1
> =

n=1,2,3,---

Phys. Educ. 57 (2022) 035008



Study of Fourier series of user defined waveforms using ExpEYES — 17 kit

Resonance frequency =3969.8
# parabolic/sawtooth wave?

parabolic
# No. of harmonics: 15

Order

An/A1(Th) An/A1(Ex)

.000
.250
-111
.062
.040
.028
.020
.016
.012
.010
.008
.007
.006
.005
.004

(ool ololololoNololollololfolfoll

.000
. 247
.122
.063
.042
.029
.022
.013
.012
.009
.008
.006
.005
.004
.004

loloooBololololololollololollodg

Resonance frequency =3969.8
# parabolic/sawtooth wave?

sawtooth
# No. of harmonics: 20

Order
1 1.000
2 0.500
3 0.333
4 0.250
5 0.200
6 0.167
7 0.143
8 .125
9 0.111
10 0.100
11 0.091
12 0.083
13 0.077
14 0.071
15 0.067
16 0.062
17 0.059
18 0.056
19 0.053
20 0.050

An/A1(Th) An/A1(Ex)

.000
.493
.344
.250
. 202
.164
.144
.124
A1%
.100
.094
.084
.079
.072
.068
.062
.060
.053
.054
.051

lcjooNololoololoololfoliopoolloll oo Ro i

Figure 5. Screenshot of the ratios A, /A of different harmonics of parabolic (left) and sawtooth (right) waveforms.
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Figure 6. Barplot of the ratio A, /A; of different harmonics for parabolic (left) sawtooth (right) waveforms.
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The sum on the right side in the above
equation represents ((2) function. Thus the sum
of the ratios A,/A; gives an approximate value
of the {(2). We estimated ((2) ~ 1.588 (A, /A,
up to 15th order). The theoretical value can be
obtained by simplifying equation (7) which yields
((2) == ~ 1.645.

Similar to parabolic and sawtooth wave-
forms, other waveforms can also be generated by
the ExpEYS —17 kit by defining the functions in
the python program. But not all waveforms can be
used to observe the harmonics. If the series con-
tains both sine and cosine terms having the same
frequency, then the harmonics will not be sinus-
oidal and the amplitudes of sine and cosine cannot
be measured separately.

5. Summary

The article presents a familiar undergraduate
experiment in an interesting way using the
ExpEYES—17 kit which has many advantages.
The experiment was carried out at the author’s
home to teach online undergraduate student labor-
atory classes during the COVID—19 pandemic
lockdown period, when regular laboratory classes
were not possible. To use the ExpEYES—17 kit
at home, a computer/laptop is required which
has python and the required device software
[10] installed, along with components like res-
istors, capacitors, inductors, breadboard, connect-
ing wires etc. Then one can perform these type
of experiments for online teaching using this kit
without a signal generator and oscilloscope.
Remote students can get access to the control
panel of the GUI screen of the ExpEYES—17 kit
from their computers/laptops if the desktop screen
of the computer/laptop to which it is connected
is shared with them. The students can remotely
change the amplitude, frequency etc. by mov-
ing the corresponding sliders on the GUI screen.
Changing the signal frequency, they can observe
the various harmonics in the Fourier series on
their computers/laptops when f, =f,/n is satis-
fied and can record the amplitudes for compar-
ison with the theoretical predictions. In this way
remote students can participate in the online labor-
atory classes when they cannot build circuits and
perform experiments in the laboratory. They can

May 2022

observe components, circuit connections and the
procedure of the experiment on their computer-
s/laptops, mobiles etc. during online laboratory
classes.

This kit may play an important role in
teaching laboratory classes outside the laborat-
ory because of its multifunctionality. The goal of
this article is to encourage teachers and students
to design such physics experiments which can be
performed using ExpEYES—17 kit.
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Appendix A. Coefficients of Fourier
series

For a parabolic waveform,

(A.la)
2 (T [ 2
=2 -1
an T/o VO(T ) cos(nwt) dt
4V,
= > where,n=123,---  (A.lb)
n-m
2 (T (2 2
bn:T/O V() (T—l) sin(nwt) dt
=0. (A.1c)
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For a sawtooth waveform,

(A.2a)
2 (T 2t
a, = 7/ Vo ( -1 > cos(nwt) dt
T J, T
_0 (A.2b)
2 (T 2t
b, = 7/ Vo ( —1 > sin(nwt) dt
T/, T
2
— _& Where,n: 1’2’3’--- (AZC)
nmw

Appendix B. Output across the parallel
LC circuit

Let, ZL =r. +jwL and Z¢c = —wic. The imped-
ance of parallel LC circuit Zic =Z||Zc =Z; —
jZ, where

Z - W?CLr, — r(W?CL—1)
w2Cr? + (wCL—1)?

2 — wCri +wL(w?*CL—1)
w2C?r? + (w2CL—1)2.

and

B.1)

The total impedance of the circuit is Zr = R+
Zi c. The potential drop across the parallel LC cir-
cuit is given by

|Zic|
|Zr|

vic(f)] = v(z) (B.2)

where, v(¢) is the input signal. At resonance, w =
wp, the imaginary part of Z; ¢ and Zy vanishes i.e.
Z> = 0. Solving this equation one can obtain the
resonance frequency:

L 1
o =1\ — — —= B.3
“ LC 12 (B-3)
and at resonance equation (B.2) reduces to
v(t)L
N =—"F"F—. B.4
el = T3 cnr (B4)
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Thus the measured amplitude of the harmonics in
the Fourier series depend upon the order number n
and the circuit parameters L, C, r, and R. For para-
bolic and sawtooth waveforms, the amplitudes are

4V, L d
= ——=|———] an
m2n?2 \ L+ Cr.R

2Vy L

mn \ L+ Cr.R
respectively. For fixed circuit parameters, the ratio
A, /A becomes independent of circuit parameters

and equal to nl—z for a parabolic waveform, and %
for a sawtooth waveform.

(B.5)

Appendix C. Python program
C.1. Program 1: data acquisition

(a) Calculate resonance frequency fo

(b) Define parabolic and sawtooth functions

(c) Load these equation and set the frequency for
nth harmonic

(d) Set the number of samples and sampling rate

(e) Capture the input signal and the harmonic

(f) Save data in files

C.2. Program 2: determination of
amplitudes

(a) Load the data files

(b) Determine the amplitudes for different har-
monics

(c) Plot the harmonics (and input signal if needed)
and save them

(d) Determine the ratio A, /A,

(e) Plot the bar plots of A, /A; for theoretical and
experimental values and save
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